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We prove that any set of similar triangles with total area equal to a can be 
packed, using only translations and reflections, inside a similar triangle of area 2o~. 
The bound 2o~ cannot be improved in general. The proof is constructive, giving a 
fast algorithm for producing such a packing. We conjecture that such a set can be 
packed inside a similar triangle of area 2a using translations only. © 1995 Academic 
Press, Inc. 
l .  INTRODUCTION 
Two dimensional bin packing is an important problem particularly in 
view of applications in scheduling for parallel processing. There are 
few worst case results which address this problem. For probabilistic re- 
sults, Coffman and Lueker [1] provide several examples and references. 
Kleitman and Krieger [3] showed that any family of squares of unit total 
area can be packed inside a rectangle of size ~/~ × 2 / f3 - ,  and that no 
rectangle of smaller area can satisfy this packing property. In [6], Moon 
and Moser showed that such squares could be packed in a square of size 
h 1 + V/1 -h~ where h a is the size of the largest square to be packed. 
Meir and Moser [5] generalized the results of [6] into higher dimensions. 
General optimal packing problems are known to be intractable, i.e., 
NP-hard [2]. 
From a purely geometric point of view, it is interesting to consider 
shapes other than squares and rectangles. In this paper we study packings 
of similar triangles in a triangle of the same shape. In a recent paper, 
Kranakis and Meertens [4] proposed a simple and elegant algorithm for 
this problem. They claimed that the packing so produced was optimal in a 
certain sense (guaranteeing Theorem 1 below) and that the problem of 
packing triangles had the rare property, for packing problems, of admit- 
ting a simple and elegant optimal solution. In fact, this problem provides 
another illustration of the difficulty of packing problems: their claim is 
incorrect, as we show in Section 2, and optimal packings eem to require a 
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complicated construction. Here we provide such a construction in which 
the Kranakis-Meertens algorithm still plays a role. 
Let T denote a triangle in the euclidean plane. We consider the 
problem of packing a given collection {hiT: 1 <_ i <<_ n} of similar triangles 
into a triangle /xT, with the object of minimizing /x. We consider three 
variations depending on the freedom permitted in the packing. The most 
restrictive is to allow packing by translations only. (In this case all triangles 
are equivalent modulo a translation and dilation.) An intermediate version 
is to allow packing by translations and reflections. The least restrictive 
packing admits arbitrary Euclidean motions. 
The intermediate version of the problem, allowing translations and 
reflections, is to determine the minimal constant, /3, such that for any 12 
sequence, h I >_ h a > • - •, of non-negative r al numbers there exists x i 
R 2 and s i ~ { -1 ,  1} such that {x i + sihiT} constitutes a collection of 
non-overlapping triangles packed inside a similar triangle /xT of size /x 
satisfying /,2 </3E.= lh 2. 
The statement given above may also be applied to the general problem, 
where arbitrary Euclidean motions are permitted, by interpreting s i as an 
arbitrary rotation. The lower bound /3 >_ 2 holds in both cases since two 
triangles of equal area achieve it. The main result of this paper is the 
following. 
THEOREM 1. Allowing translations and reflections, we can pack any 
family of similar triangles with total area oe inside a similar triangle of area 
2ce without any of the given triangles overlapping one another. 
The proof of Theorem 1 is constructive. The basic idea is to carefully 
pack a few of the largest triangles in the collection {hiT: 1 < i <_ n} and 
then to pack the rest using the Kranakis-Meertens algorithm. We found it 
necessary to consider quite a few different packings of the first few 
triangles. 
We do not know the optimal bound when translations alone are al- 
lowed. However, we believe that the same packing density is achievable. 
Conjecture 1. Allowing translations only, any family of similar triangles 
with total area oe can be packed inside a similar triangle of area 2oe. 
2. THE KRANAKIS--MEERTENS PACKING ALGORITHM 
Since affine transformations preserve relative areas, commute with 
reflections modulo a translation, and preserve disjointness of subsets, we 
can, without loss of generality, assume that T is an isosceles right triangle. 
Henceforth we fix T = {(x, y)[0 < x, 0 < y, x + y < 1}. 
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FIG. 1. A packing strip with five triangles and the correspondingtrapezoid. 
The basic idea of the Kranakis-Meertens packing algorithm is to pack 
the triangles in order of decreasing size by laying them in strips. To 
begin, set T 1 = (0 ,0 )+ h iT .  Let k be the largest (odd) integer such 
that h 3 + h 5 + ' ' '  +hk_  2 < h a (assume such a k exists), and define 
w = h 3 + h 5 + "'" +hk_  2. For each j ~ {2, 3 . . . .  , k - 1} define pj = 
~22<i_</, i oddhi • If j is even set 7}=(p; , -h j )+h jT ;  if j is odd set 
T i = (p j ,  O) - h iT .  The sets T2, T s . . . . .  Tk_ 1 constitute a non-overlapping 
configuration of triangles packed inside the trapezoid {(x, y)]0 _< x, -h  e 
< y _< 0, y + x _< w}. Such a configuration is referred to as the pack ing  
strip associated with the sequence hz, h3 , . . . ,hk_  1. If k = 7 then a 
packing strip such as shown in Fig. 1 is produced. It follows that 
T a . . . . .  Tk_ 1 are packed in (0, -h2)  + (h i  + h2)T.  The packing proceeds 
recursively: apply the algorithm given above to the sequence (h 1 + he),  
h2k+l , hzk+2 . . . . .  The algorithm terminates when all of the triangles are 
packed. Figure 2 illustrates the form of the packing so constructed. 
Fio. 2. Packing of triangles produced by the algorithm. 
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For any packing of triangles, we refer to the ratio of the sums of the 
areas of the packed triangles to the area of the triangle in which they are 
packed as the density of the packing. 
Counterexample. The Kranakis-Meertens packing algorithm does not 
always find a packing of density 1/2. Consider the following five triangle 
example: h l = h 2 = 1, h 3 = h 4 = h 5 = 0.6. The total area of the five trian- 
gles, a, is 1.54. The algorithm packs these triangles in one of height 2.6, 
and thus of area 3.38, which is greater than 2a. 
3. PROOF OF THEOREM 1 
The proof of Theorem 1 relies on the fact that the Kranakis-Meertens 
algorithm works provided it is given a sufficiently good start. If the largest 
triangles can be packed sufficiently tightly, then the algorithm can take 
over and pack the remainder. The proof proceeds on a case by case basis, 
depending on the relative sizes of the largest riangles. 
We will say the sequence hi, h2, . . .  has the TP (two packable) property 
if a packing satisfying Theorem 1 exists. To simplify the notation, we 
define A(x)  = 1/2x  2 and use S n to denote ~i=lhi .n  2 
LEMMA 1. Suppose there exists a non-overlapping configuration of trian- 
gles, T1, . . . ,  T k_ 1 (where T i = {x i + sihiT}) , packed inside the triangle hoT, 
with h o satisfying 2h 0 > 5hk, and S k > A(h o + hk). I f  we apply the 
Kranakis-Meertens packing algorithm to the sequence ho, hk, h k + 1, . . .  and 
pack T 1 . . . .  , Tk-1 into the space created for T o by making the appropriate 
translation, then the resulting packing has density greater than or equal to 
1/2; i.e., the TP property holds. 
Proof. Apply the Kranakis-Meertens packing algorithm to the se- 
quence h0, hk, hk+ l . . . . .  and let m n be the index of the triangle that 
starts the nth strip; thus, m 1 = 0, m 2 = k, etc. Define, H~ = F.7=lhm. For 
m~ <p < m.+ 1 the triangles T~ . . . .  ,Tp are packed into a triangle of 
height H~. The density of the packing of those p triangles is always 
greater than the density of the packing of the first m n triangles. It is 
sufficient, therefore, to show that the packing density of the first m,  
triangles is greater than or equal to 1/2  for all n. The proof is by 
induction. For n = 2 it is true by assumption. Suppose that the claim is 
true for some n >_ 2. If the packing algorithm terminates on the nth strip 
then the lemma is true trivially. We assume, therefore, that at least n + 1 
strips are required. Define w = h,~,,+l + h~.,+ 3 + . . .  +hm~+ _2, which is 
the length of the top edge of the nth strip. The (n + 1)th strip is started 
only after the nth strip is complete, and the largest triangle in the 
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(n + 1)th strip is no larger than the smallest triangle in the nth strip; 
consequently, w > H n 1 -- hm.+ 1 and Smn+ ~_ Sm" = p'~.+l t,2 > - -  _ .~ . - , i=mn+l ,~ i  - -  
2whm.+~ + h 2 mn+l oCombining these inequalities yields 
Smn+l  - -  Smn > 2Hn_ lhm.+l  - h 2 - -  ran+ I • 
The conditions of the lemma provide 2H._ 1 -~ 2h0 > 5hm 2 >- 5hm n, and, 
since h,~. > hm.+? we obtain 211._ 1 >_ 2hmn + 3hm.+l. These inequalities 
imply the following relation: 
_ -hm.+l  >-Hnhmn+l + 2hm.+ 1 214, l hmn~q 2 1 2 =A(Hn+I ) -A(H , )  
Thus, we now have 
Smo+  -- Sin° --> A( /4n+l )  -- A (H . ) .  
The induction hypothesis asserts Sin. >>- A(Hn), which when combined with 
the above leaves 
Smn+ 1>--A(Hn+I), 
concluding the proof in the case when finitely many strips are required. 
Infinitely many strips are easily handled by taking limits. | 
Much of the remaining proof of the packing theorem is aimed at 
showing that the conditions of this lemma can be satisfied; i.e., we pack 
the largest triangles trying to achieve a sufficiently dense packing so that 
the Kranakis-Meertens packing algorithm can take over. It turns out that 
there are several cases that need to be considered. The proof proceeds by 
elimination. 
LEMMA 2. I f  h 3 + h 5 < h 1 then the TP property holds. 
Proof. The idea here is essentially to apply the packing algorithm to 
the reordered sequence h2, hl, h3, h4 . . . .  , except that two strips are 
extended from T 1 instead of only one. 
Assuming it exists, let p be the smallest odd integer such that h 3 + h 5 
+ . . . . .  +hp > h 2, and, assuming it exists, let q be the smallest odd 
integer such that hp + hp+ 2 + , . . . ,  +hq > h 2. Form the packing strip 
associated with the sequence {h l, h3, . . . ,  hp_ x} and also that associated 
with {hl, hp, . . . ,hq_ l}.  For i ~ {p,p  + 1 , . . . ,q  - 1} replace x i with x i 
+ (h3, -h3).  The resulting configuration, together with h2T, is a non- 
overlapping configuration of T1,. . . ,  Tq_ 1, packed into (0, -h  i) + (h 1 + 
hz)T. Figure 3 illustrates the idea when p = 5 and q = 7. If either p or q 
fail to exist then the packing is complete and the TP property holds 
trivially since S 2 _> A(h 1 + hz). If q exists a third strip is initiated with Tq. 
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FIG. 3. Packing of triangles for Lemma 2, 
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Since h 3 + h 5 + " "  +hp > h 2 and q >_ p + 2, we have 
p+l  
2hzh  q < 2(h 3 + h 5 + "'" +hp)hq < 2 h~ 
i=3  
which implies the second inequality of the following: 
A(h  1 + h 2 + hq) < h 2 + h 2 + 2h2h q + h 2 < Sq. 
Furthermore, hq <_ h 5 < 1/2h 1, so 3hq <_ h I + h2, and the conditions of 
Lemma 1 are satisfied, | 
LEMMA 3. I f  5h 5 > 2(h a + h 2) then the TP property holds. 
Proof  Let rn n denote the index of the triangle that starts the nth strip 
according to the Kranakis-Meertens packing algorithm and let H n -- 
E~=lmn. Assuming 5h 5 > 2(h~ + h2) , we have 3h 5 > 2h 1, which implies 
m 3 = 5. NOW, 
2A(H3)  = (h l + h2) 2 + 2(h 1 + h2)h 5 + h 2 
< (h 1 +h2)  2+6h 2 
5 
<2~h/2=2S 5. (1) 
i=1  
Thus, if a fourth strip is not required the TP property holds. Assume, now, 
that a fourth strip is required and define 
w = h 6 + h 8 + " ' "  q-hrn4_ 2. 
The packing algorithm ensures w + hm4 > h I + h 2. 
582a/69/2-8 
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2 
FIG. 4. Packing of triangles for Lemma 3. 
We consider two cases. The first requires 3hm4 ~ 2h 1. Under  this 
assumption the Kranakis -Meertens algorithm succeeds. We have 2(hi + 
h 2) > 3hm4 + 2h 5. Together with the assumption this verifies 
Sm4 
m 4 
- s~= E h~ > 2whm4 + h L 
i=6  
> 2(h I + h2)h~ 4 - h24 
1 2 
>_ (hl + h 2 + h5)hm4 + ~hm4 
= A(H4)  - A(H3) .  
Combining this with Eq. (1) yields 
sin4 >- A(H4). 
Since 3hm4 < h I + h 2 + h 5 =/ /3 ,  we conclude that the conditions of 
Lemma 1 are now satisfied with h o = H 3 and k -- m 4. 
For the second case, we have 3hm~ > 2h 1 (which implies m 4 = 10). 
Here we use the packing shown in Fig. 4. There are two situations which 
can arise with this packing, depending on which of h 2 + h 4 + h 5 or 
h I + h 2 + h 7 is larger. If the first is larger, we proceed as follows 
A(h  2 + h 4 + h 5 + hlo ) -S,o <2(h 2+h 2+h 2+h120)-sio 
_< h~ - (h~+ h~ + h~) 
< h2 - ~-h 2 
<0,  
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and then, since 3h10 _< h 2 + h 4 + hs, the conditions of Lemma 1 are 
satisfied with h 0 = h 2 + h 4 + h 5 and k = 10. When h 1 + h 2 + h 7 is larger 
we use 3h 8 >_ 3h10 > 2h I >_ 2h 5 to deduce h 2 < 2h~, and, hence, 
25/~2 2(h~ + h ] + h 2 + h2). (h  I + h2) 2 _< 7,~5 _G< 
Using this inequality, we obtain 
_,zl(h I + h 2 + h 7 + hlo) N (h i  q- h2) 2 + 2h27 q- 2hl20 
1o 
< ½(h 1+h2)  2+ Eh/2  
i=3 
_< Sl0. 
Lemma 1 is, again, applicable, with h 0 = h 1 + h 2 + h 7 and k = 10. This 
completes the proof of Lemma 3. II 
LEMMA 4. I f  h 2 + h22 <_ 2h 2 + h 2 then the TP property holds. 
Proof. Again, let m n denote the index of the triangle that starts the 
nth strip according to the Kranakis-Meertens packing algorithm and let 
Hn denote their partial sums. Using Lemma 2 and Lemma 3, we can 
assume m 3 = 5 and 5h 5 < 2(h I +h2) .  Under  these conditions, the 
Kranakis -Meertens algorithm works. The conditions of Lemma 1 are 
satisfied with h 0 = h 1 + h 2 and k = 5 if we show that 
Now, 
S 5 >_ A(H3) .  
2A(H3)  = 2A(h  1 + h 2 + hs) <- 3(h 2 + h 2 + h2). 
Using the condition of the lemma, it is easy to verify that the right-hand 
side is bounded above by 2S5, completing the proof. | 
All remaining cases will be handled by considering the packing shown in 
Fig. 5. We will let the figure define the packing. For the purpose of 
illustration, we have set h 3 + h 5 = h 2 + h 8 and h a + hlo = hi ,  because, as 
will be seen, these are the critical relations. First we will eliminate the easy 
cases. 
LEMMA 5. I f  h 4 + hlo >_ h 1 then the TP property holds. 
Proof If  h 3 + h 5 > h 2 -t- h8, then the first 13 triangles can be packed 
inside a triangle of size h 3 + h 4 + h s + hi0 , as in Fig. 5. Now, 
2A(  h 3 + h a + h s + hio + hl4) <4h 2+4h24+4h 2+8h~0+ 8h24 .
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FIG. 5. Packing of triangles for Lemma 5. 
From Lemma 4, we can assume h~ + h2 z > 2h 2 + h 2, and it follows that 
14 
4h~ + 4h ] + 4h 2 + 8haZo + 8h~4 < 2 Y'~ h/2 = 2Sa4. 
i=1 
Since h14 ~< 1/4(h  3 + h 4 + h 5 + h lo )  , the conditions of Lemma 1 are now 
satisfied, with h o = h 3 + h a + h 5 + hlo and k = 14. 
I f  h 3 + h 5 < h 2 + hs, then the first 13 triangles can be packed inside a 
triangle of size h 2 + h 4 + h 8 + hlo , as in Fig. 5. For this case we have, 
2A(h2  + h 4 + h 8 + hlo + hi4 ) < 4h 2 + 4h 2 + 4h 2 + 8h2o + 8h24 
14 
< 2 ~] h 2 = 2S14. 
i=1 
Again, the conditions of Lemma 1 are satisfied. This completes the proof. 
! 
LEMMA 6. I f  h 3 + h 5 >_>_ h 2 + h 8 then the TP property holds. 
Proof  First we note that the following inequality is valid: 
(h3 + hs) 2 -< + + h4 + (2) 
By Lemma 5, we can assume h 4 + hlo < hi, so the configuration shown in 
Fig. 5 can be packed in a triangle of size h I + h 3 + h 5. From Eq. (2) it 
follows trivially that this packing has density larger than 1/2,  so if hi4 = 0 
the packing is complete; we assume, therefore, that h14 > 0. We claim that 
if h a < h 6 + h s + hlo + ha2 then Lemma 1 is applicable. Indeed, if this 
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inequal ity holds, we have 
2hth14 _< 2(h  6 + h 8 + hi0 + h12)h14 
i=13 
< ~h 2 
i=6  
(3) 
and from this we conclude 
14 
(h  1 +h14)  2 <h~ + Eh/2 .  
i=6  
Combining the last inequal ity with Eq. (2) yields 
814 ~ (h i  + h14) 2 + (h  3 + hs) 2 _> A(h I + hi4 + h 3 -t- hs) .  
Lemma 1 can now be appl ied with h 0 = h 1 + h 3 + h 5 and k = 14. 
ByLemma2,  we can assume h 3+h 5 >_ hI, so if h I>h 6+h 8+hIo+ 
hi2 then we can pack T I , . . . ,  7"20 in a tr iangle of height h I + h 3 + hs, as 
shown in Fig. 6. (Note, to accommodate  the bot tom row, h 8 + h16 + h17 + 
h19 < h I _< h 3 + hs.) If  h 1 < h 6 + h 8 + • •. +hi8 then, as in Eq. (3), it can 
be shown that 2hlh21 < ~2~96 h2. It then follows, as before,  that Lemma 1 
can be appl ied,  now with h 0 -- h I + h 3 + h 5 and k = 21. If h I > h 6 + h 8 
+ . "  +h18 then it can be shown that T1,...,T42 can be packed in a 
tr iangle of height h~ + h 3 + h 5 in the same manner.  For  the general  case, 
let M > 9 be the smallest integer such that h 6 + h a + . . .  +h2M > h r 
Note that if M does not exist then all tr iangles can be packed in one of 
height h I + h 3 + hs, so we assume M exists. It follows that tr iangles 
T 1 . . . .  , T4~_ 8 can be packed in the tr iangle of height h t + h 3 + h 5. Then, 
FIG. 6. Packing of triangles for Lemma 6. 
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since 4M-  4 > 2M, we can again use the same argument as in Eq. (3), 
finding that Lemma 1 is applicable. This concludes the proof. | 
LEMMA 7. I f  h 3 + h 5 <_ h 2 + h 8 then the TP property holds. 
Proof. By Lemma 2 we can assume h 3 + h 5 > h 1 > h2, and this im- 
plies the inequality 
(h2 + hs) 2 < h 2 + h~ + h 2 + h~ + h 2 + h82. (4) 
We can assume h 4 + hlo < hi, by Lemma 5. If h 1 < h 4 + hlo + hi2 , we 
have, as in Lemma 6, 
2hlh14 < h 2 + haZo + h22 + 3h24 
13 
_< + E (5) 
i=9 
Equations (4) and (5) together give 
Sa4 _> (h~ + hi4) 2 4- (h 2 4- hs) 2 > A(h  I + hi4 + h 3 + hs). 
Lemma 1 is applicable, with h 0 = h 1 + h 2 + h s and k = 14. 
If hi > h4 + hlo + h12, it follows that T 1 . . . .  , T~7 can be packed in a 
triangle of size h 1 + h 2 4- h8, as shown in Fig. 7. If, then, h 1 < h 4 + hlo 
+ - . .  4-h16 the same argument as above shows that Lemma 1 is again 
applicable; otherwise, T1, . . . ,  T25 can be packed, etc. In general et M > 1 
be the smallest integer such that hi _< h 4 4- hlo + h14 . . . . .  4 -h lo+4 M. It 
follows that 7"1 . . . . .  Tg+4M can be packed in a triangle of size h t + h2 + hs. 
Since h I < h 4 + hi0 + h12 + . . . . .  -t-hi0+2 M and 9 + 4M > 10 + 2M, the 
arguments used in Eqs. (4) and (5) apply, meeting the conditions of 
Lemma 1 and completing the proof. | 
3 
Fie. 7. Packing of triangles for Lemma 7. 
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Proof of Theorem 1. Lemma 6 and Lemma 7 together imply Theorem 
1. | 
Conjecture 1 is true in the special case of finitely many triangles of 
equal size. For the general case, we can deduce from Theorem 1 that a 
packing density of 1/4 is achievable allowing translations only. Indeed, 
given a sequence h a _> h 2 ~> " ' '  consider the sequence in which each 
element is doubled, i.e., hi, hi, h2, h 2, . . . .  Associated to this sequence we 
can find a packing of density at least 1 /2  that includes reflections by 
following through the proof of Theorem 1 and finding the appropriate 
case. It can be verified that each packing used to prove Theorem 1 has the 
property that for each n > 0 at least one of Tzn+l, Tzn is not reflected, 
i.e., has s i = 1. Thus, if we pack the doubled sequence, we can delete one 
of each pair associated to a single element in the original sequence and 
obtain a packing of the original sequence, without reflections, that has 
density at least 1/4. 
4. EXTENSIONS 
The original paper of Kranakis and Meertens [4] conjectured that 
Theorem 1 may be extendible to families of similar tetrahedra (in three 
dimensions) or even to any family of similar d-dimensional simplexes. For 
these problems, the volume of the simplex required for packing would 
differ from the sum of the volumes of the given family of simplexes by the 
multiplicative factor 2 d- i. In view of the apparent complexity of actually 
proving this result in the two dimensional case, these extensions are likely 
to be difficult. An attractive problem, suggested by J. C. Lagarias, is to 
show that the same self-packing density is achievable for any centrally 
symmetric onvex body with homothetic opies. 
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